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Abstract 

We discuss possible extensions of the classical Chern-Weil formalism to an infinite dimensional 
setup. This is based on joint work with Steven Rosenberg [PR1, PR2], joint work with Simon Scott 
[PS1, PS2] and joint work with Jouko Mickelsson [MP]. 
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Introduction 

Classical Chern-Weil formalism relates geometry to topology, assigning to the curvature of a con- 
nection, de Rham cohomology groups of the underlying manifold. This theory developped in the 
40's by Shing-Shen Chern [C2] and Andre Weil 1 which can be seen as a generalisation of the 
Chern-Gauss-Bonnet theorem [CI], was an important step in the theory of characteristic classes. 
Let G be a lie group with Lie algebra Lie(G). The Chern-Weil homomorphism assigns to an Ad(G)- 
invariant polynomial / on Lie(G) a de Rham cohomology class defined as follows. Let P — » M 
be a G-principal bundle equipped with a connection V, since the curvature V 2 is a Lie(G)-valued 
two-form on P, to a homogeneous Ad(G)-invariant polynomial / of degree j on Lie(G) corresponds 
a 2j'-form /(V 2 ) on P. This form turns out to be closed with de Rham cohomology class indepen- 
dent of the choice of connection. 

When G is a matrix group, Ad(G)-invariant monomials on Lie(G) can be built from the trace on 
matrices in view of the Ad(G)-invariance of the trace (section 1); the invariant polynomials are 
actually generated by the monomials X i— > tr(X- 7 ) 

When G is an infinite dimensional Lie group, there is a priori a problem to define a trace and there- 
fore to get invariant polynomials on Lie(G). We are concerned here with the Frechet Lie group 
C1°'*(M, E) (and its subgroups) of invertible zero order classical pseudodifferential operators acting 
on smooth sections of some vector bundle E — > M over a closed Riemannian manifold M (section 
5). Its Lie algebra is the Frechet algebra CI (M, E) of zero order classical pseudodifferential opera- 
tors acting on smooth sections E — > M (section 2); it carries two types of traces [LP] together with 
their linear combinations (section 3), the noncommutative residue introduced by Adler, Manin, 

1 In an unpublished paper 
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generalised by Guillcmin [G] and Wodzicki [Wl] (see [K] for a survey) and leading symbol traces 
used in [PR1, PR2]. An explicit example of an infinite rank bundle with non vanishing first Chcrn 
class is built in [RT] using the noncommutative residue on classical pseudodiffcrential operators as 
an Ersatz for the trace on matrices. However, generally speaking, Chern classes built from the non- 
commutative residue or leading symbol traces seem too coarse to capture non trivial cohomology 
classes 2 so that we turn to mere linear extensions to the algebra CI (M, E) of the ordinary trace 
on smoothing operators (section 4). The latter might not be traces since they are not expected 
to vanish on brackets. We refer all the same to these as regularised traces (and weighted traces 
later in the text); in constrast with the noncommutative residue and leading symbol traces which 
vanish smoothing pseudodifferential operators, regularised traces coincide with the usual trace on 
smoothing operators. The price to pay for choosing regularised traces instead of genuine traces is 
that analogues of Chcrn- Weil invariant polynomials do not give rise to closed forms. Implementing 
techniques borrowed from the theory of classical pseudodiffcrential calculus, one measures the ob- 
structions to the closedness in terms of noncommutative residues (section 8). In specific situations 
such as in hamiltonian gauge theory (section 9) where we need to build Chern classes on pseudod- 
iffcrential Grassmannians, the very locality of the noncommutative residue can provide a way to 
build counterterms, and thereby to renormalise the original non closed forms in order to turn them 
into closed ones. Loop groups [F] also provide an interesting geometric setup since obstructions to 
the closedness can vanish, thus leading to closed forms. On infinite rank vector bundles associated 
with a family of Dirac operators on even dimensional closed spin manifolds, these obstructions can 
be circumvented by an appropriate choice of regularised trace involving the very superconnection 
which gives rise to the curvature. We discuss these last two geometric setups in section 9. 

The paper is organised as follows: 

1. Chcrn- Weil calculus in finite dimensions 

2. The algebra of (zero order) classical pseudodifferential operators 

3. Traces on (zero order) classical tpdos 

4. Linear extensions of the trace on smoothing operators 

5. The group of invertible zero order ipdos 

6. A class of infinite dimensional manifolds 

7. Singular Chern- Weil forms in infinite dimensions 

8. Weighted Chern- Weil forms; discrepancies 

9. Renormalised Chern- Weil forms on ipdo Grassmanians 
10. Regular Chern- Weil forms in infinite dimensions. 

1 Chern- Weil calculus in finite dimensions 

Let E — > X be a vector bundle over a d-dimensional manifold X with structure group G a subgroup 
of the linear group GLj((D) and let A = End(E') the bundle of endormorphisms of E over B. Let 
fi{X, A) denote the algebra of exterior forms on X with values in A equipped with the product 
induced from the wedge product on forms and the product in A. If a is a section of E over X and 
a e Q k {X,A) then a(a) E Q k {X). 

If V is a connection on P then V 2 lies in f? 2 (X, A). More generally, if C(P) is the space of 
connections on P, to an analytic map f(z) we assign a map 



2 Interestingly, the very fact that the class vanishes can be used as a starting point to define Chern- 
Simons classes as in [MRT] where the authors build non trivial Wodzicki-Chern-Simons classes via a 
transgression of Wodzicki-Chern forms. 



f:C(P)^f2(X,A) 
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Remark 1 This sum is actually finite since V 21 = Vi > | . 
The connection V extends to a map 

C°°(X,TX) x Q(X,A) -» ft(X,.4) 

(C/,a) ^ (a^ [Vc/,a](CT) := + (-l)l a l +1 a(V^)) . 

Here a stands for a section of E over X and \a\ for the degree of the form. 

The trace tr : ghj(C) — > (C on the algebra gl d (<D) of d by d matrices with complex coefficients 
extends to a trace on End(-E) by 

tr : End(£) -^IxC 
(x,A) ^ (x,tr(A)) 

where tr on the r.h.s is the ordinary trace on matrices. This is a bundle morphism since 

t^C" 1 AC) =tr(A) VC e Gl d (<D), VA e gl d (C). (1) 

Similarly, to a form a(x) = A(x) dxi A ••• A dx d in i? (X, A) corresponds a form tr(a)(x) := 
tr(A(x)) dxi A • • • A dx d in Q(X). 

From the fact that the trace tr obeys the following properties 

[d,tr] (a) := dtr(a) -tr(da) = Vael2(X,yl) (2) 

and 

dtr(a,/3) :=tr(aA/3+(-l) HI/3| /3Aa) =0 Va, /? e (X, .A) , (3) 
we infer the subsequent useful lemma. 
Lemma 1 For any a <G O (X, A) 

[V,tr](a) :=dtr(a) -tr([V,a]) =0. (4) 
Proof: In a local chart above an open subset U of X, 

[W,a]=da + 6 A a + A (9 

for some one form 9 e i7 1 (J7, ^l) so that we can write 

[V,tr](a) = dtr(a) -tr([V,a]) 

= dtr(a) - tr (da + 6 A a + (-l) |a|+1 a A 9j 

= -tr ((9 Attl (-l)l"l +1 cv Afl) by (2) 
= by (3). 

□ 

Combining this lemma with the Bianchi identity 

[V,V 2 ]=0. (5) 

leads to closed Chern-Weil forms. 

Proposition 1 For any analytic function f, the form tr (/(V 2 )) is closed with de Rham cohomol- 
ogy class independent of the choice of connection. 
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Proof: It is sufficient to carry out the proof for monomials f(x) = x l in which case we have: 

dtr (/(V 2 )) = [V, tr] (/(V 2 )) + tr ([V, /(V 2 )]) 
= tr([V,V 2 *]) by (4) 

= ^tr([V,V 2 ]V 2 (- 1 )) 

3=0 

= by (5), 
which proves the closedness of tr (/(V 2 )). 

Let Vt, t € ft be a smooth one parameter family of connections on E. Its derivative w.r. to t is a 
one form V t = 6 t e Q 1 (X,A). Applying (2) to X = TR yields 

r d , d d 
— , tr = — otr- tro — = 
l dt 1 dt dt 



and hence 



|(.r(/(V?)))=.r(|v 



J=0 



5>((v«V t + V t V t ) vf"^) 



^tr ( * v ^ 2i ' i ; 



V t ,Vt 



= Etr([v t ,V,vf" 1) ]) by (5) 
= ^tr(v t vf-^) by (4). 

The variation ^ (tr (/(V 2 ))) is therefore exact and the de Rham class of tr (/(V 2 )) is independent 
of the parameter t. □ 



2 The algebra of (zero order) classical pseudodifferential operators 

In the infinite dimensional situations considered in these notes, the algebra of matrices gl d ((D) on 
which lives the trace used for ordinary Chern-Weil calculus, is replaced by the algebra of zero 
order classical pseudodifferential operators on a closed manifold M with values in <C n . Such an 
algebra contains the algebra Map(M, gl d ((D)) of smooth maps from M to the algebra of matrices. 
One can think of gl d (<C) as what remains of the infinite dimensional algebra of zero order classical 
pseudodifferential operators on M when M is reduced to a point {*}. 

We briefly recall the definition of classical pseudodifferential operators (V'dos) on closed manifolds, 
referring the reader to [H], [Sh], [T], [Tr] for further details. 

Let U be an open subset of 1R™. Given a e (D, we consider the space of symbols S a (U) which 
consists of smooth functions cr(x, £) on U x IR™ such that for any compact subset K of U and any 
two multiindiccs a — (a\, • • • , a n ) <E IN™, (3 — (/3i, • • • , f3 n ) £ IN™ there exists a constant CkuP 
satisfying for all (x,£) e K x IR" 



Chern-Weil calculus extended to a class of infinite dimensional manifolds 



5 



\d«dP<T(x,o\<c KaP (i + \t\) Rc{a) -w. 

where |/3| = /?i H h/3„. 

If Re(ai) < Re(a 2 ), then S 0l (f7) C 5 Q2 (C7). 

Remark 2 // a e H ; a corresponds to the order of a e S a (U). The notion of order extends to 
complex values for classical pseudodifferential symbols (see below). 

The product * on symbols is defined as follows: if u\ G S ai (U) and 02 € S a2 {U) 1 

qE IN" 

i.e. for any integer N > 1 we have 

ar^^^O- E ^^^a 1 ( a; ,0a> 2 (x,0e^ ai+a2 - Ar ((7). 

|a|<iV 

In particular, ai *cr 2 e S 01 " 1 " ^?/). 

We denote by S~°°(U) := Plaec S a (U) the algebra of smoothing symbols on U and let S(U) 
be the algebra generated by lJ ag(C S a (U). 
A symbol a € S a (U) is called classical of order a € (D if 

vw e in, a-E ^KK-j(i>f) e S°- JV (CA), 

j<JV 

where a a -j(x, £) is a positively homogeneous function on U x Hi" of degree a — j, i.e. a a -j(x, t£) = 
t a - j o- a -j(x,£) for all f e H + . 
We write for short 

00 

a(x,0~£^(0^a-i(x,0- (6) 

Here ?/> e C°°(IR™) is any cut-off function which vanishes for |£| < ^ and such that ip(g) = 1 for 

ICI > 1. 

We call a the order of the classical symbol a and denote by CS a (U) the subset of classical symbols 
of order a. The positively homogeneous component cx (x,£) of degree a corresponds to the leading 
symbol of a. 

Example 1 A smooth function h G C°°(U) can be viewed as a multiplication operator f 1— > h f 
on smooth functions f € C°°(U) and hence as a zero order classical symbol. 

The symbol product of two classical symbols is a classical symbol and we denote by 

CS{U) = (\J CS a {U)) 

the algebra generated by all classical symbols on U. 

Given a symbol a e S(U), we can associate to it the continuous operator Op(a) : C^°(U) — > C°°(U) 
defined for u € C%°(U)- the space of smooth compactly supported functions on U- by 

(Op(o-)u) (x)= J e ix ^a(x,Ou(m, 

where <f£ := j^Pj^ ^£ with d£ the ordinary Lebesgue measure on T*M ~ H n and where is 
the Fourier transform of u. Since 
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(Op(a)u)(x) = J J e^-y^a(x,Ou(y)<%dy, 

Op(a) is an operator with Schwartz kernel given by k(x,y) — J e^ x ~ y ^^a(x,^)d^, which is smooth 
off the diagonal. 

A pseudodifferential operator A on U is an operator which can be written in the form A = Op(a)+R 
where a £ S(U) and R is a smoothing operator i.e. R has a smooth kernel. If a is a classical symbol 
of order a, then A is called a classical pseudodifferential operator (ipdo) of order a. 
The symbol a (A) of a pseudodifferential operator A of order a is only locally defined whereas the 
leading symbol a L (A) = a a (A) is globally defined. 

Example 2 Multiplication by f £ C°°(U) can be viewed as a zero order classical tpdo on U . Here 
the leading symbol coincides with the symbol. 

The product on symbols induces a composition Op(a\ * a 2 ) = Op(o~i)Op(a2) ■ This in turn induces 
a composition on properly supported operators. A ipdo A on U is called properly supported if 
for any compact C C U, the set {(x,y) £ Supp(i-Oi), x £ C or y £ C} is compact, where 
Supp(i-Oi) denotes the support of the Schwartz kernel of A i.e. a distribution on U x U such that, 
for u £ C%°(U), Au(x) = J KA{x,y)u{y)dy. A properly supported V'do maps C^°(U) into itself 
and admits a symbol given by a(A)(x,£) = e~ tx ^Ae tx ^. The composition AB of two properly 
supported f/'do's is a properly supported -0DO and a(AB) = a(A) -ko-(B). 

More generally, let M be a smooth closed manifold of dimension n and tt : E — > M a smooth vector 
bundle of rank d over M; an operator P : C°°(M,E) — > C°° (M, E) is a (resp. classical) pseudod- 
ifferential operator of order a if given a local trivializing chart (U, <j>) on M, for any localization 
Pu - xlPxl ■ C?{U, <E d ) -» C C °°(C/, (C d ) of P where xi, G C~(^), the operator ^(P v ) := ^P^ 1 
from the space C%°(<p(U), <D d ) into C°°(<fi(U), (C d ) is a (resp classical) pseudodifferential operator 
of order a. 

Example 3 j4 smooth section f £ C°°(M, End(_E)) can be viewed as a multiplication operator 
u 1 — ► f u on smooth sections u of E and hence as a zero order classical ipdo . 

Let C1°(M, E) denote the set of classical pseudodifferential operators of order a. 

If Ai G C\ ai (M,E),A 2 £ C\ a2 (M,E), then A X A 2 £ C\ ai+CL2 (M,E) and we denote by 

C\(M,E) :=([) CP (M,E)) 

ae<E 

the algebra generated by all classical pseudodifferential operators acting on smooth sections of E. 
It follows from the above discussion that 

C°° (M,End(£)) C Cf(M,E) c C1(M,S). 

Remark 3 When E is the trivial bundle M x H ; we drop £7 in i/ie notation writing C\ a (M), 
Cr°°(M), C1(M) insfead o/Cl Q (M,£;) 7 Cr°°(M,£), C1(M,^). 

Remark 4 When M reduces to a point, then E is a vector space corresponding to the model space 
of the original bundle M and we have 

M = {*} C°° (M,End(E)) = C\{M,E) = C\°(M,E) = C1~°°(M, E) = End(S). 
3 Traces on (zero order) classical ^dos 

Having chosen C1°(M,£;) potential infinite dimensional Ersatz for the algebra gl d ((C), it 

remains to find linear forms on CI (M, E) as an Ersatz for the trace on matrices. 
The ordinary trace on matrices extends to a trace on smoothing operators: 
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tr : C1~°°(M, E) -» <D 

Ah> / tr 2 (fc J 4(x, x)) = / tr x (0-(A)(x, £)) dxd£,, 
Jm Jt*m 

where Ua stands for the Schwartz kernel of A, a a for the symbol of A and tr x for the fibrewise 
trace defined previously using the ordinary trace on matrices. 

But it does not further extend to a trace on C1°(M, E) i.e. to a linear form A : C1°(M, E) — > (C 
which vanishes on brackets 

8X(A, B) := A ([A, B]) =0 VA, B e C1°(M, E). 

A well known result by Wodzicki [Wl] (see also [W2] and [K] for a review) and proved independently 
by Guillemin [G] gives the uniqueness (up to a multiplicative factor) of a trace on the whole algebra 
C1(M, E) of classical pseudodiffcrential operators. 3 

Indeed, Wodzicki showed that any trace on C1(M, E) is proportional to the noncommutative residue 
defined as follows. The residue density at point x £ M 



uj, cs {A){x) := / tr x {<r_ n (A)(x,Z)) d s £ dx 




where S*M C T*M is the cotangent unit sphere (here ds£ ■— ( 2 n) n stan ds for the (normalised) 
volume measure on the cotangent unit sphere S*M induced by the canonical volume measure on 
the cotangent bundle T*M and (•)-„ denotes the positively homogeneous component degree — n 
of the symbol) is globally defined so that the noncommutative residue 4 

res(A) := / lu ics (A)(x) := / dxres x (A) (7) 

is well defined on C\(M,E). 

Restricting to zero order classical pseudodiffcrential operators allows for another type of trace, 
leading symbol traces associated with any linear form r on C°°(S*M) introduced in [PR1, PR2] 
in relation to Chern-Weil forms: 

Tr T Q (A) :=T(tv x a (A)(x,0). 

Whenever t(1) ^ we set: 

Trg (A) T (tr x (MA)(x,Z))) 
tr Q {A).= —^- = . (8) 

Theorem 1 [LP] All traces on the algebra C1°(M, E) are linear combinations the Wodzicki residue 
and leading symbol traces. 

Remark 5 When M reduces to a point so that n = and A is a matrix, then both res(A) and 
trg(A) are proportional to the ordinary matrix trace. 



Since then other proofs, in particular a homological proof on symbols in [BG] (see also [P2] for an- 
other alternative proof) and various extensions of this uniqueness result were derived, see [FGLS] for 
a generalisation to manifolds with boundary, see [S] for a generalisation to manifolds with conical sin- 
gularities (both of which prove uniqueness up to smoothing operators), see [L] for an extension to 
log-polyhomogeneous operators as well as for an argument due to Wodzicki to get uniqueness on the 
whole algebra of classical operators, see [Po2] for an extension to Heisenberg manifolds. 
It generalises to higher dimensions a notion of residue previously introduced by Adler and Manin in the 
one dimensional case. 
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Both the noncommutative residue and the leading symbol traces clearly vanish on smoothing 
operators and therefore neither of them extends the ordinary trace on smoothing operators. If we 
insist on building linear forms on C1°(M, E) that extend the ordinary trace on smoothing operators, 
we need to drop the requirement that it vanishes on brackets. The linear forms we are about to 
describe are actually defined on the whole algebra C1(M, E) . 

We use the unique extension [MSS] (see also [P2] where the uniqueness of the noncommutative 
residue and the canonical trace are handled simultaneously), called the canonical trace, of the trace 
on smoothing operators to the set 

C\ m (M,E) := (J C\ a (M,E) 

of non integer order operators in C\(M,E). It was popularised by Kontsevich and Vishik in [KV] 
even though it was known long before by Wodzicki and Guillemin and is defined as follows. 
For any A € C1(M, E), for any x € M, one can infer from (6) (see e.g. [L]) that the integral 
Ib (o R) ^ t xO~a(x, £)d£ of the fibrewise trace tr^cr^ of its symbol or a over the ball B x (0, R) of radius 
R and centered at in the cotangent bundle T*M, has an asymptotic expansion in decreasing 
powers of R which is polynomial in log R. Picking the constant term yields the cut-off regularised 
integral 

f tr x (a(A)(x,0) <% := fp^ / tr x (a(A)(x,Z)) 
which clearly coincides with the ordinary integral on smoothing symbols. 

Theorem 2 [KV] Whenever the operator A e C1(M, E) has non integer order or has order < — n 
then 

ojkv(A)(x) := I I tr x (a(A)(x,£)) ti£ ) dx Vx e M, 
yT'M J 

defines a global density on M so that the canonical trace [KV] (see also [L] [or an extension to 
log-polyhomogeneous operators): 

TR(A):= f lo kv (A){x) := f TR X (A) dx 
Jm Jm 

makes sense 5 . The canonical trace vanishes on brackets of non integer order or of order < —n 
[KV] (see also [L]) i.e. 

TR([A,B])=0 \/A, B e C1(M, E) s.t. [A, B] e C1^ Z (M, E) U C1 <_ ™(M, E). 

Remark 6 For any smoothing operator 

TR(A) = f tt x (a(A)(x,C)) d£dx = tv(A) 
Jt*m 

so that the canonical trace indeed extends the ordinary trace on smoothing operators. 
4 Linear extensions of the trace on smoothing operators 

Unfortunately, the operators one comes across in infinite dimensional geometry as well as in quan- 
tum field theory are typically integer order operators such as the Laplace operator, the Dirac 
operator, the Green operator... so that we cannot implement the canonical trace on such operators. 

5 However, in general ujkv {A) (x) is only locally denned and does not integrate over M to a well defined 
linear form. 
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In order to match the canonical trace with our needs in spite of this apparent discrepancy, we 

perturb the operators holomorphically A i— > A(z) thereby perturbing their order a i— > a(z) and we 

define regularised trace of such operators as finite parts at z = of TR(A(z j). 

To carry out this construction we need the notion of holomorphic family of symbols which we now 

recall. 

Definition 1 Let fl be a domain of (C. A family (a(z)) ze Q C CS(U) is holomorphic when 

(i) the order a(z) of a{z) is holomorphic on fl. 

(ii) For (x,£) £ U x 1R™, the function z — > a{z)(x,£) is holomorphic on fl and V/c > 0,d^cr(z) £ 
S<*(*)+e(U) for any e > 0. 

(Hi) For any integer j > 0, the homogeneous symbol o-(z) a ^_j(x,^) is holomorphic on fl. 
It leads to the following notion of holomorphic family of ipdos. 

Definition 2 A family z i— > A(z) £ C\ at " z \M,E) of log-classicahpdos parametrized by a domain 
fl C (C is holomorphic if in each local trivialisation of E one has 

A(z) = Op(o- A(z) ) + R{z) 

with <Ja(z) a holomorphic family of classical symbols of order a(z) 6 and R{z) a smoothing operator 
with Schwartz kernel R(z, x, y) £ C°°{fl x M x M, End(V)) holomorphic in z where V is the model 
space of E. 

A holomorphic family of classical operators of holomorphic order u(z) parametrised by fl has inte- 
ger order > — n on the set fl n a" 1 (7L n [— n, oo[). Outside that set, the canonical trace TR (A(z j) 
is therefore well defined. 

Theorem 3 [KV][L] Let z ^ A(z) e C\ alyZ \M,E) be a holomorphic family of classical ipdos on 
a domain fl C (D. Then the map 

z i ► TR (A(z)) 

is meromorphic with poles of order 1 at points Zj € fl fl oT x ([— n, +oo[nS) such that a'{zj) ^ 0. 

Definition 3 A holomorphic regularisation scheme on C1(M, E) is a linear map which sends 
A e C1(M, E) to a holomorphic family A(z) £ C1(M, E) such that A(0) = A and A(z) has order 
a(z) with a holomorphic and a'(0) ^ 0. 

In order to illustrate this with examples, it is useful to introduce the following definition. 

Definition 4 An operator A e C1(M, E) has principal angle 9 if for every (x,£) € T*M — {0}, 
the leading symbol a\{x,£) has no eigenvalues on the ray Lg — {re 10 , r > 0}; in that case A is 
elliptic. 

We call an operator A e C1(M, E) admissible with spectral cut 9 if A has principal angle 9 and 
the spectrum of A does not meet the open ray Lg = {re %e ,r > 0}. In particular such an operator is 
elliptic, i.e. it has invertible leading symbol ul{A){x,^) e End(_E :E ) for all x G M, £ £ T*M — {0} 
where E x is the fibre of E over x. 

Remark 7 When A has principal angle 9 and the spectrum of A does not meet Lg, 9 is called 
an Agmon angle of A. In that case, A is invertible elliptic. We want to allow for non invertible 
operators hence the need for introducing admissibility. 

Example 4 (- regularisation 

K : in A(z) := AQ g z (9) 

with Q an admissible operator in C1(M, E) with positive order q and spectral cut 9 yields typical 
(and very useful) examples of holomorphic regular is ations. 

6 In applications the order is affine in z. 
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On the basis of the results of the previous section, given a holomorphic regularisation 1Z : A A(z), 
we can pick the finite part in the Laurent expansion TR (A(z)) and set the following definition. 

Definition 5 A holomorphic regularisation scheme R:/1h A{z) on C1(M, E) induces a linear 
form: 

tr n : C1(M, E) -» <D 

A^tr n (A) := f Pz=0 TR (A(z)) 

called 1Z- regularised trace 7 . When 1Z is a ^-regularisation (9) determined by an admissible operator 
Q with spectral cut 9 we call Q-weighted trace the linear form tr K and denote it by tr?. 

The following result measures the difference between the regularised trace and the (generally non 
existing) canonical trace. 

Theorem 4 Let A(z) with A(z) of order a(z) be a holomorphic regularisation with order 

z i ► a{z) affine in z. 

The linear form tr n extends the usual trace defined on operators of order < —n as well as the 
canonical trace TR defined on non integer order operators) to ipdos of all orders. 
Moreover [PSlJ, 

tr n {A)= J^dx ^TR X (A) - ^res x (.4'(0))) (10) 

where, in spite of the fact that A'(0) is not anymore expected to be classical 8 ; its residue density 
is defined in a similar manner: 

res x (^'(0)) := / tr x (a(A))_ n (x,$ <?<£. 

JS*M 

Remark 8 When the residue density res x (A'(0j) vanishes, TR x (A)dx defines a global density 
and tr n (A) = TR(A). In particular 

tr K (A) = TR(A) VA e Cl^ (M, E) 

is independent of the regularisation scheme. 

C-regularisations provide an interesting class of examples. Let 

K :A^A(z) := AQg Z 

with Q an admissible operator in C1(M, E) with positive order q and spectral cut 9. Then A'(0) = 
—A \og e Q. Here \og e Q stands for the logarithm of an admissible operators Q <G C1(M, E) with 
spectral cut 9 defined in terms of the derivative at z = of its complex power [Se] : 

log e Q = d z Qe\ z=0 , 

where Q z is the complex power of A defined using a Cauchy integral on a contour Eg around the 
spectrum of A. Formula (10) therefore reads: 

tr« (A) = [ dx (tR x (A) - -tcs x (A log e Q)) . (11) 
Jm \ 1 J 

We borrow the following definition from [OP] . 

7 It carries this name because it extends the ordinary traace on smoothing operators and in spite of the 
fact that it does not vanish on brackets as we shall soon see. 

8 It is log-polyhomogeneous of log type 1 [PS1], meaning by this that the asymptotic expansion (6) might 
present a logarithmic divergence log |£| in |£| as £ — > oo. 
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Definition 6 We call an operator A e C1(M, E) conditionally trace- class whenever the fibrewise 
trace of its symbol tr x (cta(x, ■)) at a point x e M is of order < —n in which case we set 

tr CO nd(A) := / dx tr x {o{A){x,t)) $t 

Jm Jt*m 

which we call the conditioned trace of A. 

Example 5 Clearly, operators in C1(M, E) of order < —n are conditionally trace-class and their 
conditioned trace coincides with their ordinary trace. 

Example 6 Let E = M X IR" be a rank n trivial vector bundle over M then (Au)(x) := 
Au(x) \fx e M,u G C°°(M, IR") with A e o(M") (the Lie algebra of the orthogonal group 
0(11™),) is not trace class since it is a multiplication operator. However, it is conditionally trace- 
class with zero conditioned trace since the fibrewise trace of its symbol which coincides with the 
trace of the matrix A, vanishes. 

Example 7 More generally, let us consider a trivial vector bundle E — M xV with V a finite di- 
mensional space, then C1(M, E) ~ Cl(M)®Hom(V) so that tv v {A) e C1(M) for any A e C1(M, E) 
where try is the ordinary trace on Horn (V). If try (A) is trace-class then A is conditionally trace- 
class. 

Proposition 2 Let A e C1(M, E) be conditionally trace-class and R: An A(z) a holomorphic 
regularisation. Then 

1. res(^4'(0)) vanishes, 

2. A has a well defined canonical trace 

TR(A):= f dx f tr x (a(A)(x,Z))at 
Jm Jt* m 

and 

tv n (A) = tr conc i(A) = TR(A). 

Proof: The assertions follow from the fact that the scalar symbol tr x (o-A(x, •)) together with the 
fact that the derivative 9 tv x ((JA'(o){ x > ■)) arc °f or dcr < — n. 

Indeed, this implies that res^ (A'(0)) vanishes and hence that tr n (A) = TR(A) by (10). □ 



5 The group of invertible zero order ^dos 

The Lie algebra CI (M, E) offers a natural generalisation of the algebra End(-E). The correspond- 
ing Lie group of invertible zero order V'do's offers a natural generalisation of the group GL(E) of 
linear transformations of a vector space E. 

For a £ C, the linear space Cl a (M,E) of classical pseudodifferential operators of order m can be 
equipped with a Frechet topology. For this, one first equips the set CS a (U, W) = CS a (U)^)F,nd(W) 
of classical symbols of order a on an open subset U of IR™ with values in an euclidean vector space 
W (with norm || • ||) with a Frechet structure. The following semi- norms labelled by multiindices 
a, [3 and integers j > 0, N give rise to a Frechet topology on CS m (U, W) (see [H]): 

su P:ce ^eK"(l + lel)- Ro(a)+l ' 3| ll^^(a ; ,OII; 

su P:ce K, e eiR"(iei)~ Rc(Q)+A,+l/3| ll^ ^- |>(£K-ij Mil; 

9 We recall that A'(0) has the same order as A. 
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where K is any compact set in U. 

Given a vector bundle based on a closed manifold M, the set Cl a (M, E) of classical pseudodiffcr- 
ential operators acting on sections of E, namely pseudodiffcrential operators A acting on sections 
of E that have local classical symbols <J U (A) e CS(U, W) in a local trivialization Ei v ~ U x W, in- 
herits a Frechet structure via the Frechet structure on classical symbols. Given an atlas (£7j, 4>i)i<=i 
on M and corresponding local trivializations E\ v ~ Ui x W where W is the model fibre of E, 
in any local chart Ui, we can equip Cl° (M,E) with the following family of seminorms labelled by 
multiindices a, (3 and integers j > 0,i £ I, N >0 

su Pwe ir-(1 + |CI)- Rc(a)+l ^ ||0?0? (a u *(A)) (x,t)h 

sup^ eK "(iei)^ Ro(a)+Ar+l,3| ll^ ^(^)-EV'(O^(^j (x,Z)h 

sw PxeK,\i\=i\\9"d^a^'_ j (A)(x,^)\\, 
where K is any compact subset of (j)i{Ui) C H". 



Proposition3 Cf(M,E) is a Frechet Lie algebra and the traces of Theorem 1 are continuous 
for the Frechet topology. 

Proof: The continuity of the traces can easily be seen from their very definition. Let us discuss 
the continuity of the bracket. Since a(AB) ~ <r(A) * cr{B) for two operators A, B with symbols 
c(A), o-(B), the product map on C1°(M,£;) is smooth as a consequence of the smoothness of the 
symbol product a * r ~ Y^ Q -^d^ad^T on CS(U,V) for any vector space V. It follows that the 
bracket is a continuous bilinear map on Cl°(M,E). □ 

Let 

C1°'*(M,£;) := {A e C1°(M,^), e C1 (M,S)} 

be the group of invertible zero order classical pseudodifferential operators which is strictly contained 
in the intersection C1°(M, E) n C1*(M, E) where 

CT(M,E) = {A e C\{M,E), 3A' 1 e C\(M,E)} 

is the group of invertible classical pseudodifferential operators. 

Remark 9 It is useful to note that C1*(M, E) acts on C\ a (M,E) for any a e <D by the adjoint 
action defined for P e C1*(M, E) by 

C\ a (M,E) -» C1 Q (M,S) 

A AdpA := P~ 1 AP (12) 

and specifically on the algebra C1°(M, E). 

Proposition 4 /JfV/ C\°'*(M,E) is a Frechet Lie group with Lie alegbra Cl° (M,E). 

Proof: We only discuss the continuity of the inverse map, referring the reader to [KV] for further 
details. 

As an open subset in the Frechet space C1°(M, E), C1°'*(M, E) is a Frechet manifold modelled on 
C1°(M, E). 

We already know that the product map is smooth. The smoothness of the inversion A A^ 1 
on C\ Q '*{M,E) follows from the fact that for an operator A e C\°'*{M,E) with symbol a(A) and 
order a, the positively homogeneous components of its inverse A^ 1 of order —a are given by 
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where r is a contour around the spectrum of A and where 
r. a (A) = (a(A)-X)-\ 

T-a-j(A) = —T- a (A) ]T i _ ' a ' ~[ d^a a -k(A)d^T- a -l(A). 

k+l+\a\=j,l,j 

a 

Following [KM] we say that a Lie group Q admits an exponential mapping if there exists a smooth 
mapping 

Exp : Lie (G) -» Q 

such that 1 1 — ► Exp(i X) is a one-parameter subgroup with tangent vector X. Exp(O) = eg and Exp 
induces the identity map Z) e Exp = Id Ue (Q) on the corresponding Lie algebra. 
All known smooth Frechet Lie groups and in particular the group Cl°'*(Af, E) (sec [KV]) admit an 
exponential mapping although it is not known, according to [KM], whether any smooth Frechet 
Lie group does admit an exponential mapping. 

The topology of C1°'*(M, E) has been investigated in various contexts. 

Recall (see e.g. [Ka]) that the fundamental group 7Ti(GL c i(C)) is generated by the homotopy classes 
[/] of the loops 

i(t) = e 2 *"*" 

where it : <C d — > (D d is a projector. 

A similar statement holds for the fundamental group of CI '*(M, E) with the projectors tt re- 
placed by pseudodifferential operators introduced by Burak [Bu], later used by Wodzikci [Wl] 
and further investigated by Ponge [Pol] which encode the spectral asymmetry of elliptic classical 
pseudodifferential operators: 

n e ,e>{Q) := ^- / A" 1 Q(Q- A)- 1 d\ 

where 

C 6 ,6' ■= {pe l8 ,oo > p > r}U {re l \d < t < 9'} U {p e l0 ' , r < p < oo}, 

with Q € C1(M, E) elliptic with positive order and whereby r is chosen small enough so that non 
non-zero eigenvalue of Q lies in the disc |A| < r. It turns out that IIgji(Q) is a bounded ^do 
projection on L 2 (M, E) (see [BL] and [Pol]) and either a zero'th order pseudodifferential operator 
or a smoothing operator. For Q of order q with leading symbol ctl(Q), the leading symbol of 
IIo,e>{Q) reads: 

ire,e'(<r L (Q)) ~ ^r- f A -1 o L (Q) (<r L (Q) - A) -1 dX. 

The following proposition (see [KV], see also [LP]) shows that these pseudodifferential projec- 
tors generate the fundamental group 7Ti (Cl°'*(M,E)). Let GLoo(^) be the direct limit 10 of linear 
groups GL n (A). 



A natural embedding GL n (A) — » GL„ + i(A) of an n x n matrix g £ GL„(^4) in GL n+ i(A) is obtained 
inserting g in the upper left corner, 1 in the lower right corner and filling the other slots in the last line 
and column with zeroes. 
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Proposition 5 

7Ti (GLqo (C1°'*(M, £7))) zs generated by the homotopy class of loops 

L® e ,(t) :=e «T*^,*'W) (13) 
where Q € C1(M, £7) is any elliptic operator with positive order. 

Remark 10 When M reduces to a point {*} fften cr L (Q) reduces to a d x d matrix q with d the 
rank of E, and Hgfi* reduces to irg t gi — ^ J c / A -1 q (q — A) -1 dX which is a finite dimensional 

projector. Hence, the generators L® g ,(t) reduce to generators [lg gi(t)) — [e 21 ^ 1 ^","'^] built from 
projectors irg,g>(q). 

Proof: We take the proof from [LP] 11 . For any algebra A, let K {A) denote the group of for- 
mal differences of homotopy classes of idempotents in the direct limit gl^ (A) of matrix algebras 
gl„(yl) 12 . When A is a good topological algebra [Bo], the Bott periodicity isomorphism: 



K (A) — > TTi (GLoo(^)) 
[P] — e 



2l ,tp (14) 



holds. Since for any vector bundle E over M, the algebra Cl°(M, E) is a good topological algebra 
(which essentially boils down to the fact that the inverse of a classical pseudodifferential operator 
remains a classical pseudodifferential operator), applying (14) to A = CI (M, E) reduces the proof 
down to checking that K (Cl°(M, E)) is generated by idempotents IIg y g>(Q). 
The exact sequence 

— ► Cr^M,^) — ► Cl°(M,E) C°°(S*M,p*(EndE)) — ► 

where p : S*M — > M is the canonical projection of the cotangent sphere to the base manifold M, 
gives rise to a long exact sequence in if-theory: 

K^Cl^iM^E)) -» K (Cl°(M,E)) °X K (C°°(S*M,p*(EndE))) 

T Ind | (15) 

K\ (C°° (S* M, p* (End.E) ) ) °X Ki(Cl°(M,E)) <- K^Cl' 1 (M , E)) = 0. 

On the other hand, on the grounds of results of Wodzicki, Ko(C°° (S* M , p* (EndS))) is generated 
by the classes ^^/(^(Q)) where as before <jl{Q) is the leading symbol of an elliptic operator 
Q e C1(M, E); this combined with the surjectivity of the map cTq in the diagram (15) yields the 
result. □ 

Higher homotopy groups were derived in [BW] and [R] from which we quote some results without 
proofs 13 . 

Proposition 6 For odd k 

1. [BW] (Proposition 154) 

Tr k (c\%*(M,E)) ~ TL, 

where Cf/*(M,E) := {A G C1°'*(M,£), o L (A) = Id}, 

11 As pointed out to us by R. Ponge, the proof can probably be shortened using results of [BL] to show 
directly that K (Cl°(M,E)) is generated by idempotents II g e i{Q). 

12 A natural embedding gl„(A) — ► gl n+1 (^4) of an n x n matrix a £ gl„(^4) in gl n+1 ( J 4) is obtained inserting 
a in the upper left corner and filling the last line and column with zeroes. 

13 Even homotopy groups were also described in [R] leading to further results which we do not report on 
here. Also, the statement we quote here holds provided one allows for bundles with arbitrary large rank. 
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2. [R] (Theorem 1) 

n k (C1°'*(M,£)) ~ K (C°°(S*M,p*(EndE))), 
which is therefore generated by the homotopy classes of the loops given by (13). 

6 A class of infinite dimensional manifolds 

Wc consider a class of infinite dimensional manifolds and vector bundles inspired from the geometric 
setup of index theory [B], [BGV] and close to those introduced in [PI] (under the name of weighted 
manifolds and bundles) and further used in [CDMP], [PR1, PR2] (under the name of V>do- manifolds 
and bundles) . It consists of Frechet vector bundles with typical fibre C°° (M, E) for some reference 
finite rank vector bundle n : E — > M over M. 

Consider a smooth fibration M — > X of smooth manifolds modelled on a closed manifold M and 
a fibre bundle 7r : E — + M over M with typical fibre E — ► M. 

Remark 11 In the context of the family index theorem, E = <P ® \A V \ for some vector bundle 
<P — ► M and A n is the vertical density bundle which, when restricted to the fibres of JV1 may be 
identified with the bundle of densities along the fibre. 

Let us denote by 7r*E — > X the infinite dimensional Frechet bundle with fibre C°°(M X , E\ M ) over 
x e X modelled on C°°(M, E) with M the model fibre of M and E the model fibre of E. * 

Definition 7 We call a Frechet vector bundle admissible if it is of the form 7r* E for some finite 
rank vector bundle E — > M over a smooth fibration M — > X of smooth closed manifolds. 
We call a Frechet manifold admissible if its tangent bundle is an admissible vector bundle. 

Remark 12 Locally, over an open subset U C X , 

E {u ~ U x M x V 

where V is a finite vector space and M a closed manifold. A change of local trivialisation of the 
fibration M\ v — U X M induces a diffeomorphism f : M — > M in T>(M) whereas a change of local 
trivialisation of the finite rank vector bundle E| uX m — U x M x V induces a transformation in 
Gl(V). 

Remark 13 When M reduces to a point {*} then an admissible vector bundle reduces to a finite 
rank vector bundle over X modelled on some vector space V with transition maps in Gl(V). 

Example 8 Let N be a Riemannian manifold, then the space X := C°°(M,N) of smooth maps 
from M to N is a Frechet manifold with tangent space at point 7 given by C°°(M,j*TN). The 
tangent bundle TC°°(M, N) can therefore be realised as 7r*E where M — > X is the trivial fibration 
with fibre M and E the vector bundle over X x M with fibre at (7, m) € C°°(M, N) x M given by 
the vector space 

E( 7 , m ) = 7*T 7(m) iV so that tt*E 7 = C°°(M, >y*T 7 N). 
Hence C°°(M,N) is an admissible manifold. 

In passing note that this manifold, which is modelled on C°°{M, ]R") where n is the dimension of 
N can be equipped with an atlas induced by the exponential map exp N on N , a local chart being of 
the type (f>^(u)(x) = exp^,Ju(x)) . The transition maps are multiplication operators. 

Example 9 In particular, mapping groups C°° (M, G) with G a finite dimensional Lie group are 
admissible Frechet manifolds. 

The left action l g : y g-y on G induces a left action L g : 7 1— > 5-7 on C°°(M, G) and a vector field 
^(7) e C 00 (M,7*T 7 G) is left-invariant if{L g )^ V(j) = V(g-j) for allje C°°{M,G). Left invari- 
ant vector fields on C°°(M,G) can be identified with elements of the Lie algebra C°°(M, Lie(G)). 
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Example 10 The group 

V{M) := {/ G C°°{M,M), 3/" 1 G C°°{M,M)} 

of smooth diffeomorphisms of M is a Frechet Lie group [O] (see [N] for a review) with Lie algebra 
C°°{M 1 TM) where TM is the tangent bundle to M . Lt is an admissible Frechet manifold since its 
tangent bundle U/ex>(M) C°°(M, f*TM) can be realised as a bundle ir*E — > X with X = V(M) 
and where E is a vector bundle over the trivial fibration M = IxM with fibre above (/, M) given 
by the bundle f*TM . 

We also introduce a class of connections inspired from the ones arising in the family index geometric 
setup and similar to the ones considered in [PI] later named ^do-connections in [PR1, PR2]. 
Following [Sc], [PS2], let for any a € <C, CP(M, E) denote the bundle over X with fibre over x 
given by CP (M x , E| M ) so that locally, above an open subset U of X we have 

Cl^M.E)^ ~ U x CP(M, E). 

Let Cl( M, E) be the bundle of algebras generated by U ae(D CP( M, E). 

Remark 14 When M reduces to a point {*} and E — > M reduces to a finite rank vector bundle 
E -> X, then Cl a (M, E) = Cl( M, E) = End(£) the endomorphism bundle over M. 

Example 11 For mapping spaces as described in Example 8 the fibre of the bundle Cl( M, E) 
above 7 is given by 

Cl( M, E) 7 = C1(M, ~/*TN). 

Example 12 For mapping groups as described in Example 9, we can specialise to left-invariant 
ipdos, A( 7 ) G C1(M, 7 *TG) such that A(g ■ 7) o L Bt = L Bt o A(j) for all g e C°°(M,G) and 
7 eC oc (M,G). 

Above an open set U C X, a connection on a finite rank vector bundle E — > X is locally of the 
form: 

Vycr = da(V) + e u (V)<r, VP G T X X, Vct G C°°(U, E) with 6 U (V) G End^). 

In view of the generalisation from End^n) to C1°(M X , E| M ^ ), we introduce a class of connections 
locally of the form: 

Vycr = da(V) + 6 U (V) VVeT x X Vct g C°°(X, tt*E) with 6 U (V) G C1°(M X , E, M J (16) 

with E a finite rank bundle over a fibration tt : M — > X of manifolds equipped with some horizontal 
distribution V G 7^ AT P G T (x>m) M. 

Similar classes of connections were considered in [PI] and later in [PR1, PR2] under the name of 
^do-connection. 

Definition 8 A connection V on an admissible Frechet vector bundle 7r»E — > X with E a finite 
rank bundle over a fibration tt : M — > A 0/ manifolds is admissible whenever 

1. the connection V is induced by a connection on a finite rank vector bundle: 

Vy=Vf (17) 

for some connection V E on the finite rank vector bundle E — > M and some horizontal distri- 
bution V G T X A 1 ► P G T (Xim) M on M, 
^. or w/ien </ie fibration M. = X x M is trivial, if locally over an open subset U C X 

V = d + 6 U with 17 G /2 1 (17,C1 (M,E)). 
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Remark 15 The two conditions have a non void intersection; indeed, in the case of a horizontal 
distribution on a trivial fibration M ~ X x M the first condition locally reads V = d + 8 u with 9 U 
given by a multiplication operator valued one form on U . 

Remark 16 Admissible connections fulfill condition (16); we choose the trivial horizontal lift in 
the case of a trivial connection. 

Remark 17 When M reduces to a point {*} then any connection is admissible since E — > M 
boils down to a bundle E — > X and locally V = d + 9 U with 8 U G ^(U, End(S)). 

Lemma 2 An admissible connection on an admissible bundle 7r*E — > X has curvature in 
£2{X, Cl 1 ( M, E)). When the fibration M — > X is trivial with trivial distribution then it lies in 
Q{X, C1°(M,E)). 

Proof: 

1. If locally, V = d + 6 U with 9 U e ^(U, Cl°( M, E)) then Q = d0 u + U A 6 U lies in 
S1 2 (U, Cl( M, E)). Since the curvature is a globally defined two form, Q lies in S1 2 (X, Cl°( M, E)). 

2. If Vy = V? then 

Q{U,V) = [Vr/,Vy] 

= r2 E (L>,v-) 
= r2 E (L>,y) 

where T(U, V) = [U, V] - [U, V] is the curvature of the connection on M. Since J7 E (C/, V) is 
a multiplication operator, it follows that £2(U, V) is a first order differential operator which 
therefore lies in Cl^JV^E). When the distribution on M is trivial, then T(U,V) = and 
Q(U,V) lies in C1 (M,E). 

□ 

Example 13 On mapping groups considered in Example 9, we restrict to left-invariant connections 
i.e. connections V such that ifV, W are left-invariant then so is \7 V W left-invariant. An admissible 
left-invariant connection is defined by a left-invariant one-form 9o € J7 1 (X, C1°(M, Lie(G))). 
With the notations of Example 9, let (M, g) be a closed Riemannian manifold and let G be a semi- 
simple Lie group of compact type . 

Let Qo := A ® lLie(G) where A stands for the Laplace Beltrami operator on M . D. Freed in [F] 
introduces a family of left-invariant one-forms parametrised by s G 1R on the H s -Sobolev closure 
H S (M,G) of the the mapping group C°°(M,G) (see formula (1.9) in [FJ): 

0oOO == \ (ady + (Qo + 7r )- s ad y (Q + n ) s 

- (Q + 7ro)- s ad (Qo+ , o) -^) V^eC oc (M,Lic(G)). 

Here ttq stands for the orthogonal projection onto the kernel of Qq which is finite dimensional. 
These give rise to left-invariant connections V s on H s (M, G) which in turn induce connections 15 



This ensures that the Killing form is non degenerate and that the adjoint representation ad on the Lie 
algebra is antisymmetric for this bilinear form 

They are weak since they are defined by weak metrics on L 2 (M, Lie(G)); they are not determined by 
the usual six term formula [F]. 



- ^[U,V] 

- 

[U,V] 

- V5~ - - 

[U,V]-[U,V] 
V T(U,V) 
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on the mapping group C°°(M,G). Since 6>g G Q 1 (C°° (M, G) , Cl° (M, Lie(G) ) , tfeese <fe/me V>do- 
connections; only if s = does i/iis one-form correspond to a multiplication operator. 
The curvature Q s is given by a left-invariant two-form: 

WV) = [«o(tO.W-W) (18) 

and fry /jy (Proposition 1.14), the map 

R S {U,V) : Q 3 (W,U)V 

is a pseudodifferential operator of order max(—l, —2s). It lies in Q 2 [M, C1°(M, Lie(G))) . 

Remark 18 These results were extended to loop spaces in [MRTJ, where it was shown that the 
curvature operator R s on C co (S 1 , N) built in a similar manner has order at most — 1 for s > |. 

Example 14 Connections of the type (17) arise in the geometric setup underlying the index the- 
orem for families [B] and in determinant bundles associated with families of Dirac operators [BF]. 
Such connections are in fact slightly perturbed by adding the divergence of the horizontal lift w.r. to 
the Riemannian volume element on the fibres of M — > X in order to produce unitary connections: 

= v;* E +div M (n 

7 Singular Chern-Weil forms in infinite dimensions 

We aim at generalising Chern-Weil formalism to admissible vector bundles, defining when possible 
traces A(V 2 *) of even powers of admissible connections. In view of the two types of admissible 
connections we distinguish two cases: 

1. the curvature lies in Q 2 (X, Cl°( M, E)) , 

2. the curvature lies in Q 2 (X, CI 1 ( M, E)) . 

Accordingly, to build traces of powers of the curvature along the lines of the first section, by the 
results of section 3 we have at our disposal two types of (singular) traces, namely traces that vanish 
on smoothing operators: 

1. leading symbol traces (8) and the noncommutative residue (7) on CI (M, E) 

2. the noncommutative residue (7) on C1(M, E). 

Let V be the model space of E — > M. Since a change of trivialisation ((x, m), v) £ M x V 
((x, m),Cv)eMxV, C E G\(V) of E — >• M induces a change of trivialisation 

{x,A) G X x C1(M,V) i — ^ (x, C^ 1 AC) eXx C1(M,V), C G C°°(M, Gl(V)) 

of the bundle Cl( M, E) — > X, we need to make sure the traces we implement are invariant under 
the adjoint action of C°°(M, G1(V)). The following lemma gives more, namely their invariance 
under the action of invertible zero order ?/>dos. 

Lemma 3 Let E — > M be a finite rank vector bundle over a closed manifold M. For any C G 
C1°'*(M,£;) 

res(C _1 AC) = res(A), VA G C\(M,E) (19) 

and 

tr T (C~ 1 AC)= tr T (A) VA G Cl° (M, E). (20) 

Remark 19 Here, as pointed out in the introduction, the group C1 0, *(M, E) of invertible classical 
tpdos generalises the structure group GL(V). 
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Proof: Both properties follow from the cyclicity of the respective traces. □ 

Just as the ordinary trace on matrices induces a trace on the endomorphism bundle End(E) of 
any finite rank vector bundle E — > X, the noncommutative residue (resp. and the leading symbol 
traces) therefore induce a noncommutative residue (resp. and leading symbol traces) on bundles 
Cl( M, E) (resp. on CI ( M, E)) associated to any finite rank vector bundle E — > M over a fibration 
of manifolds M — » X. 

As in the finite dimensional case, to a form a(x) = A(x) dx\ A • • • A dxd in SI (X, C1(M, E)) 
(resp. Q (X, CI (M, E))) corresponds a form res(a)(a;) := res(A(x))dxi A ••• A dxd (resp. and 
trl(a)(x) := trl{A(x)) dx 1 A • • • A dx d for any t e C°°{S*M)') in Sl(X). As in the finite dimen- 
sional case (see (2) and (3)), we first check that the linear form A = res (resp. A = trj for any 
t e C 00 {S*M)') on f>(X,A) with A = C1(M,E) (resp. A = C1°(M,E)) obeys the following 
properties 

[d, A] (a) := d\(a) - \(da) = Vaef2(X,A) (21) 

and 

d\(a,0) := A(aA/3+(-l) HI/3| /3Aa) =0 \/a, /3 G Si (X,A) . (22) 

The first property is easily checked from the very definition of the two types of traces which involve 
integrals over the cotangent unit sphere of the manifold M of the trace of a homogeneous part of 
the symbol of the operator. The second property is a direct consequence of their cyclicity. 
As in the finite dimensional case, we then infer the following lemma. 

Lemma 4 For any a e SI {X, Cl( M, E)) 

[V,res](a) := rfres(a) - res([V, a}) = 0. (23) 

For any a E SI (X, Cl°( M, E)) , for any t E C°°{S*M)' 

[V,trS](a) :=dtrS(a)-tr5([V ) a])=0. (24) 

Proof: The proof goes as for Lemma 1 using properties (21) and (22). □ 

The constructions carried out in section 1 then go through leading to the following result. 

Theorem 5 Let £ — 7r*E — > X be an admissible vector bundle with E — > IVI a finite rank vector 
bundle over a fibration M — ► X, equipped with a connection with curvature Q. For any i € IN, the 
i-th residue Chern-Weil form 

1. res ( fl 1 ) is closed with de Rham cohomology class independent of the choice of connection, 

2. if fl € fl 2 (X, Cl°( M, E)) then trj (i?*) is also closed with de Rham cohomology class indepen- 
dent of the choice of connection. 

We call these singular Chern-Weil classes. 

Proof: The proof goes as in Proposition 1 using Lemma 4. □ 

Remark 20 Singular Chern-Weil forms are clearly insensitive to smoothing perturbations of the 
connection. 

Example 15 We refer to [RTJ where an explicit example of an infinite rank bundle with non 
vanishing first residue Chern class is built, i.e. where the noncommutative residue is used as an 
Ersatz for the usual trace on matrices to build a first Chern form with non vanishing de Rham 
class; it is a bundle over the two-dimensional sphere S 2 with fiber modelled on Sobolev sections of 
a trivial line bundle over the three dimensional torus T 3 . 
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Example 16 Going back to Example 14, we saw that J?*'* E is a differential operator valued two 
form so that its noncommutative residue vanishes. When the fibration is trivial M~Mx X, ■!?*'* E 
reduces to a multiplication operator so that its leading symbol traces are well-defined and the two 
forms 

(u, v) -> trs (rK E ((7, vj) = trs (n K {u, vj) 

can give rise to non trivial singular Chern-Weil classes. 

But unfortunately, singular Chern-Weil classes generally seem too coarse to capture interesting 
information since most examples lead to vanishing singular Chern-Weil classes. 

Example 17 Going back to Example 13, it was shown in [F] that W \— > Oq(W, U)V is conditionally 
trace-class, i.e. that i^uc(G)^a(^ U)V is trace-class, from which we infer that the residue vanishes. 
For the same reason, the leading symbol traces also vanish. 
Thus, singular Chern- Weil forms vanish in the case of mapping groups. 

Remark 21 In [MKT], the authors actually used the fact that residue Pontrjagin forms vanish on 
loop spaces C°°(S 1 ,N) as the starting point to build singular Chern-Simons classes. They focus on 
manifolds N with stably trivial tangent bundle. 



8 Weighted Chern-Weil forms; discrepancies 

We now address the issue of how to build analogs of Chern-Weil forms using extensions of the ordi- 
nary trace of the type discussed in section 4 instead of singular traces on ipdos. We show how one 
stumbles on various discrepancies inherent to the fact that these extensions do not actually define 
traces; however, it is instructive to describe the obstructions to carrying out these constructions in 
order to later find ways to circumvent them. 

We first recall a result of Wodzicki, Guillcmin and popularised by Kontsevich and Vishik in [KV] 
which relates the complex residue of the canonical trace of a holomorphic family at a pole with 
the noncommutative residue of the family at this pole: for any C £ C1(M, E) and any holomorphic 
family C(z) £ C1(M, E) with order a(z) such that C(0) = C and a'(0) ^ 0, the following identity 
holds: 

Res z=0 TR (C(zj) = --i^res(C). (25) 
This formula provides ways to measure various defects of weighted traces. 



8.1 The Hochschild coboundary of a weighted trace 

The first defect is an obstruction to its cyclicity. The Hochschild coboundary of a linear form A on 
C1(M, E) is defined by 

d\(A, B) :=X([A,B}). 

The following proposition says this coboundary is local (see e.g. [CDMP],[Mil, Mi2], [MN]). 

Proposition 7 Let Q £ C1(M, E) be an admissible operator of positive order q with spectral cut 
9. Let A £ C1(M, E), B £ (M, E) then 

dtvf (A, B) = -- res (A [B, log Q]) . (26) 
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Proof: Using the vanishing of the canonical trace on non integer order brackets we can write 

TR([A, B] Q- z ) = TR (A BQ- Z - BA Q g z ) 
= TR (ABQg Z - AQg Z B) 
= TR (A [B, Qg z ]) ■ 

The family C(z) := A[B f»* ] g C1(M, E) is a holomorphic family of order a - b - qz and C(0) = 
-A[B,logQ}. By (25) we get: 

tr« ([A.B]) = fp z=0 TR (ABQ d z - B AQ- Z ) 
= f Pz=0 TR (4 [S,QH) 

z 

= -^rcs (A [S,log fl Q]). 

□ 

8.2 Dependence on the weight 

Formula (25) also provides a way to measure the dependence on the weight Q. We first need a 
technical lemma. 

Lemma 5 Let Q g C1(M, £?) 6e admissible of order q > and spectral cut a and let A g C1(M, £?). 
T/ien 

trf (A) =tr£(i4) Vt>0. 
Proof: We write TR(AQ~ Z ) = ^=1 + a + o(z) in which case we have TR i^A = 
TR (A (Q 9 ) _t *) = ^-l + fl0 + (f z ) so that 

trf{A) = f Pz=0 TR(A (Ql)- Z ) = a = ttf(A). 

a 

The following proposition provides a well-known expression of the dependence on the weight 
[KV],[Ok]. 

Proposition 8 Let Qi,Q 2 € C1(M, E) be two admissible operator with positive orders q\,q 2 and 
spectral cuts 9i,02- Let A g C1(M, £% £/ien 

'lo ggi Q2 _ loge 2 Q i ' 

92 91 

Proof: For simplicity, we leave out the explicit mention of the spectral cut. Applying formula (25) 
to the family C(z) := ^ (q i 91 — Q 2 92 ^j which is a holomorphic family of classical operators of 

order a- z with C(0) = A - ] ^ L ) we write 

1 1 

tr Ql (A) - tr Q2 (A) = tr* 3 " (A) - tr Q * 2 (A) 

( A (q~* -Q2*) 



tr« 1 (A)-tr« a (A)=res^ ^ 



Res z=0 TR 



V 



— res I A 

□ 



logQ 2 logQ 



92 9i 
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8.3 Exterior differential of a weighted trace 

Proposition 9 [CDMP], [PI] Let Q £ C°°(X, C1(M, E)) be a differentiable family (for the topol- 
ogy described previously) of operators of fixed order q and spectral cut parametrised by a manifold 
X. Let A £ C1(M, E), then the trace defect [d, tr^] := dtr® — tr^ o d is local as a noncommutative 
residue: 



d,tr' 



Q 



(A) = --res(Adlog e Q) 

q 



(27) 



Proof: Again, for convenience, we drop the explicit mention of the spectral cut. Let h £ 
C°°(X, TX) be a smooth vector field then by Proposition 8 we have 



dtY Q {A){h) = lim 



tj .Q+dQ(th)( A j_ tj .Q( A j 



t 



_1 lim res (A (log(Q + dQ(th)) - log Q)) 
q t^Q t 
= 1 res (lim t ^o (A (log(Q + rfQ(tfe)) - logQ))) 
q t 

= -ires (Ad \ogQ(hj) , 



where we have used the continuity of the noncommutative residue on operators of order a = ordA 

since A ^o S (Q+dQ(th))-lo S Q ^ hag Qrder a for any f> Q D 

8.4 Weighted traces extended to admissible fibre bundles 

The covariance property (1) generalises to weighted traces as follows. 

Lemma 6 [PI], [PS 2] Order, ellipticity, admissibility and spectral cuts are preserved under the 
adjoint action. For any admissible operator Q £ Cl(M, E) with spectral cut a, for any operator 
A £ C1(M, E) we have 



trf cQ {&d c A) = trf(A) VC* £ C\*(M,E). 

Proof: For simplicity, we drop the explicit mention of the spectral cut. 
Since the leading symbol is multiplicative we have 



(28) 



cr L (ad c Q) = ad CTL(c) a L {Q) 

from which it follows that order, ellipticity, admissibility and spectral cuts are preserved by the 
adjoint action. 
Let us observe that 

(adcQ))" 2 = ^~J r X ~ Z ( X - ^cQy 1 

= -L / A- z ad c (A-ad c Q)- 1 
= &d c Q- z 

ix c ~ lQC (C- 1 AC) = ip x=0 TR(c- 1 AC (C^QC) - *) 

= i Pz=0 TR(C- 1 ACC- 1 Q- z C) 
= fp z=0 TR(C- 1 AQ- z C) 
- f Pz=0 TR(AQ- z ) 

= tV Q (A) 



Consequently, 



Chern-Weil calculus extended to a class of infinite dimensional manifolds 



23 



where we have used the fact that the canonical trace vanishes on non integer order brackets. □ 

Since the adjoint action ad c : A ^ C~ 1 AC of C1°'*(M,£) on G\{M,E) preserves the spectrum 
and the invertibility of the leading symbol, it makes sense to define the subbundle EU adm ( M, E)) 
of Cl( M, E) of fibrewise admissible elliptic V'dos with spectral cut 9; since it also preserves the 
order we can define Q to be a smooth admissible elliptic section of order q of C1(M,E) in which 
case Q(x) £ Cl(M x ,W,\ M ) and we set: 

tvf(A)(x) ~tv^ {x) (A(x)) VA £ C°°{X,C\(M,E)), Vx £ X. 

Q-wcighted traces can further be extended to forms a(x) = A(x) dxi A • • ■ Adxd in Q (X, Cl( M, E)) 
by tTg(a)(x) := tr^ (A(x)) dxi A • • • A dx^ and using linearity. 

8.5 Obstructions to closedness of weighted Chern-Weil forms 

Theorem 6 [C'DMP] An admissible connection V on an admissible vector bundle 7r*E induces 
a connection [V,A] := Voi-4oV on Cl( M, E). For any a £ fl p (X, Cl( M, E)) and any 
admissible section Q £ C°° (X, A) with constant spectral cut 9 and constant order q > 0, the trace 
defect [V,tr^] := dtr^(a) — tr^ ([V,a]) is local and explicitely given by: 

[V,tr e Q ](a) = i_^rcs(a[V,log Q]) Vet £ f2 p (X, Cl( M, E)). (29) 

Proof: We prove the result for a zero form and drop the explicit mention of the spectral cut for 
simplicity. The result easily extends to higher order forms. In a local trivialisation of £ over an 
open subset U of X we write V = d + 9 so that [V, •] = d+ [9, ■}. In this local trivialisation we have 
for any £ C°°(X, Cl( M, E)): 

[V,tv Q ](A)=d {tr Q (A)) -tv Q ([V,A}) 

= d (tr Q (A)) - tr Q (d A) - tr Q ([9, A}) 

= - ires (Ad log Q) - ires (A [0,logQ]) 
= -ires (A [V.logQ]) 

where we have combined (26) and (27). 
□ 

The obstruction [V ad ,tr*5] described in Theorem 6 prevents a straightforward generalisation of 
the Chern-Weil formalism to an infinite dimensional setup where the trace on matrices is replaced 
by a weighted trace provided the connection are admissible connections. 

Corollary 1 Let V be an admissible connection on £ = 7r» E — > X with curvature Q and let (Q be 
an admissible section o/Cl( M, E) with spectral cut 9 and constant positive order q. Then 

dtif{Q l ) = ires (Q i [V,log e Q]) . 

Proof: We follow the finite dimensional proof (see Proposition 1). 

dtrf(Q i ) = [dtif ]{f2 l ) +tvf([V,W]) 

= [dtif]([2 l ) by the Bianchi identity 
= ires(rr[V,log e <Q]) by (29). 

□ 
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9 Renormalised Chern-Weil forms on ipdo Grassmannians 

In view of Corollary 1 which tells us that a weighted trace of a power of the curvature is generally not 
closed, it seems hopeless to use weighted traces as a substitute for ordinary traces in order to extend 
finite dimensional Chern-Weil formalism to infinite dimensions. However, there are different ways to 
circumvent this difficulty, one of which is to introduce counterterms in order to compensate for the 
lack of closedness measured in Corollary 1 by a noncommutative residue. Such a renormalisation 
procedure by the introduction of counterterms can be carried out in a hamiltonian approach to 
gauge theory as it was shown in joint work with J. Mickelsson [MP] on which we report here. 
Let us first review a finite dimensional situation which will serve as a model for infinite dimensional 
generalisations. 

We consider the finite-dimensional Grassmann manifold Gr(n, n) consisting of rank n projections 
in (D n , which we parametrise by grading operators F = 2P — 1, where P is a finite rank projection. 

Lemma 7 The even forms 

uj 2j = tr (F(dF) 2j ) , (30) 
where j = 1, 2, . . . are closed forms on Gr(n, n). 

Remark 22 The cohomology o/G„((C 2 ") := Gr(n, n) is known to actually be generated by even 
(nonnormalised) forms of the type u>2j,j — 1, • • • , n. This follows from the fact (see Proposition 
23.2 in [BT]) that the Chern classes of the quotient bundle Q over G n ((D") defined by the exact 
sequence — > S — > G„((C 2 ") x (D™ — > Q — > where S is the universal bundle over G n with fibre V 
above V, generate the cohomology ring H*(G n ((D n )). Then the j-th Chern class of Q turns out to 
be proportional to tr(F(dF) 2j ') where P(V) stands for the orthogonal projection on V. 

Proof: By the traciality of tr we have 

dw-y = dtr (F(dF) 2j ) 
= tr((dF) 2 ^' +1 ) 
= tr (F 2 (dF) 2 i +1 ) 

since F 2 = 1 
= -tr (F {dF) 2l+1 F) 

since F dF = -dF F 
= -tr {{dFfi +1 F 2 ) 

since tr([A,B])=Q 
= -tr ((dF) 2j+1 ) 

= 0. (31) 

□ 

We now want to extend these constructions to tfjdo Grassmannians. 

Let us consider a finite rank bundle E over a trivial fibration tt : M = M x X ^ I with typical 
fibre a closed (Ricmannian) spin manifold M. Let D x £ Cl( M, E), x £ I be a smooth family of 
Dirac operators parametrised by X . 

On each open subset U\ :— {x e x, A ^ spec(D x )} C X there is a well defined map 

F : X -> C1°(M,S) 

x^F x := (D x - XI)/\D X - XI\. 

Since F 2 = Ft, P x := /+ 2 Fx is a projection, the range Gr(M, E) := ImF of F coincides with the 
Grassmannian consisting of classical pseudodifferential projections P with kernel and cokernel of 
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infinite rank, acting in the complex Hilbert space H := L(M, E) of square- integrable sections of 
the vector bundle E over the compact manifold M. 

Since the map x ^> F x is generally not contractible we want to define from F x cohomology classes 
on X in the way we built Chern-Weil classes in finite dimensions. This issue usually arises in 
hamiltonian quantization in field theory, when the physical space M is an odd dimensional manifold. 
In this infinite dimensional setup traces are generally ill-defined, so that we use weighted traces 
as in the previous section. As expected, there are a priori obstructions to the closedness of the 
corresponding weighted forms. 

Proposition 10 Let Q € C1(M, E) be a fixed admissible elliptic operator with positive order. The 
exterior differential of the form 

uj§ j (F)=trQ(F(dF) 2 i) (32) 

on Gr(M, E): 

du% = Ires ([log Q,F](dF) 2k+1 F) . 
is a local expression which only depends on F modulo smoothing operators. 

Proof: The locality and the dependence on F modulo smoothing operators follow from the ex- 
pression of the exterior differential in terms of a Wodzicki residue. To derive this expression, we 
mimic the finite dimensional proof, taking into account that this time tr^ is not cyclic: 

dwg = dtr Q (F(dF) 2 i) 
= tr« ((dF) 2 '" +1 ) 
= tr« (F 2 (dF)V +1 ) 
= -tr Q (F(dF) 2j+1 F) 
since FdF = -dFF 

= ires ( [log Q, F}{dF) 2l+1 F) - tr Q ((dF) 2j+1 F 2 ) 
= ires ( [log Q, F}{dF) 2l+1 F) - tr Q ((dF) 2j+1 ) , 
where we have used (26) to write 

tr Q ([F, {dF) 2l+1 F]) = -ires (F [(dF) 2 ^ +1 F, logQ]) = ires ([F, logQ] {dF) 2l+1 F) . 

Hence 

tr Q (F 2 (dF) 2j+1 ) = ^-rcs([logO,F](d J F 1 ) 2j+1 F) 
2q 

from which the result then follows. □ 
Let us consider the map 

cr : X -> C1°(M, E)/Cl~°°(M, E) 
x i ^ F(x) := p o F(x) 

where p : C1°(M, E) -» C1°(M, E)/Cl-°°(M, E) is the canonical projection map. 

The following theorem builds from the original forms wg new "renormalised" forms which are 
closed in contrast with the original ones. 
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Theorem 7 When cr(X) is contractible, there are even forms such that 



J 2 3 

, ,ren,Q Q qQ 

is closed. The forms 9®j vanish when the order of (dF) 2 - 5-1-1 is less than -dimM . This holds in 
particular if the order of (dF) 2: > is less than -dimM in which case w£J = uJ^j = tr(F(dF) 2: >) is 
independent ofQ. 

Proof: The form dui^j being a Wodzicki residue, it is insensitive to smoothing perturbations and 
is therefore a pull-back by the projection map p of a form /3^-. The pull-back of [3^ with respect to 
a is a closed form O^j+i on X which is exact since a is contractible. Indeed, selecting a contraction 
o~t with o\ = a and cto a constant map, we have the standard formula dO^j = #2j+ij with 



hi = J t 2 h &t e% +1 (* t )dt. 



(33) 



where tx is the contraction by a vector field X and the dot means differentiation with respect to 
the parameter t. 

When the order of (dF) 2: > +1 is less than -dimM the correction terms 0^ vanish and if the order of 
(cLF) 2 - 7 is less than -dimM, the weighted trace tr Q coincides with the usual trace so that the naive 
expression u>®j 1& a closed form independent of Q. □ 

This way, on builds renormalised Chern classes [wJ,™'^]- We refer the reader to [MP] for the two 
form case which arises in the quantum field theory gerbe [CMM]. 



10 Regular Chern- Weil forms in infinite dimensions 

We describe further geometric setups for which weighted traces actually do give rise to closed 
Chern- Weil forms. 



Mapping groups studied by Freed [F] and later further investigated in e.g. [CDMP], [M], [MRT] 
provide a first illustration of such a situation. 

Going back to Example 9, we specialise to the circle M — S 1 ; the Sobolev based loop group 

i 

_ff e 2 (5 1 ,G) can be equipped with a complex structure and its first Chern form was studied by 
Freed [F]. We saw in Example 17 that the corresponding curvature is conditionally trace-class 
which leads to the following result. 

Proposition 11 [F] Theorem 2.20 (see also [CDMP] Proposition 3) Let Q G Cl^S 1 ) be an admis- 
sible elliptic operator on S 1 with spectral cut 9. Let be a left-invariant connection on C°°(5' 1 , G) 

i 

with curvature given by a two form J7 2 as in (18), then by (6) we have 

tr^!) = tr cond (f?|) = TR(^|). 
It defines a closed form which coincides with Freed 's conditioned first Chern form. 

o - 

Remark 23 It was observed by Freed in [F] that this weighted first Chern form trjj ( j? 2 ) relates 

i 

to the Kdhler form on the based loop group Hi (S 1 , G). See also [CDMP] for further interpretations 
of this two-form. 

Another way around the obstructions described previously is to choose a weight (Q and a connection 
V such that the bracket [V, log e Q] vanishes; this can be achieved using superconnections, leading 
to a second geometric setup in which regularised traces do give rise to closed Chern- Weil forms. 
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Definition 9 A superconnection (introduced by Quillen [Q], see also [B], [BGV]) on an admissible 
vector bundle ir* E where ir : IM — > X is a fibration of manifolds, adapted to a smooth family of 
formally self-adjoint elliptic tpdos D G C°° (^X, Cl d ( M, E)^ with odd parity is a linear map A 
acting on Q (X, 7r*E) of odd parity with respect to the 71,2- grading such that: 

A(uj ■ a) = duj A a + (-1)H W A A(a) Vuj G Q{X), aef2(X, tt*E) 

and 

A [0] := D, 

where we have written A = % and % : ^* ^ ^* + * • 

Example 18 An admissible connection V as in (17) gives rise to a superconnection 

A := V + D. 

The curvature of a superconnection A is a ipdo- valued form A 2 € fi 2 (X, Cl( M, E)); it actually is 
a differential operator valued two form. Since A 2 = D 2 + A 2 >0 ^ where A 2 >0 ^ is a V'do-valued form 
of positive degree, just as D 2 , A 2 is elliptic and admissible. 

Following [Sc] and [PS2], we call a V'do-valued form oj = w ^h : (X,ir*E) ^ 

(x, 7r*E) elliptic, resp. admissible, resp. with spectral cut a whenever W[o] € C1(X, 7r*E) has 
these properties. We refer the reader to [PS2] for detailed explanations on this point. 
Since A\ Q] = D 2 , A 2 is an elliptic ^do-valued form with spectral cut n, and hence an admissible 
V'do- valued form. Its complex powers and logarithm can be defined as for ordinary admissible V'dos. 
With these conventions, weighted traces associated with fibrations of -0do-algebras can be gener- 
alised to weights given by admissible V'do-valucd forms such as the curvature A of the supercon- 
nection. Along the lines of the proof of the previous theorem one can check that the trace defect 
[l\.,tr A ] vanishes: 

Proposition 12 [PS2] For any uj e Q (X, CI (£)) we have 

dstr A2 (Lu) =str A \[ A, lu}). 

Proof: Since 

dstr R2 (u>) =str R2 ([A,w]) + [JV,str R2 ](co) 
this follows from Theorem 6 combined with the fact that [A, log A 2 ] = 0. □ 

Theorem 8 The form str A ( A 2 -' ) defines a closed form called the j-th Chern form associated with 
the superconnection A and a de Rham cohomology class independent of the choice of connection. 

Proof: This follows from the Bianchi identity [A, A 2 -'] = combined with Proposition 12. □ 

Remark 24 Let A = D + V be a superconnection associated with a family of Dirac operators D 
on a trivial fibration of manifolds. It was observed in [MP] that the expression 

tr c2 (V 2 ^)-tr R2 (^) [2j] 

-which compares the naive infinite dimensional analog tr D (V 2j ) of the finite dimensional Chern 
form tr(V 2j ) and the closed form tr A (A J )[2j] built from the super connection- is local in as far 
as it is insensitive to smoothing perturbations of the connection. The weighted Chern- Weil form 
tr R ( A 2 ° ) [ 2 j] is therefore interpreted as a renormalised version of tr D (V 2 - 7 ). This is similar to 
the formula derived in the previous section where a residue correction term was added to the naive 
weighted form involving the curvature. 
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If we specialise to a fibration 7r : M — > X of cvcn-dimensional closed spin manifolds with the 
Bismut superconnection A := D + V + c(T), c the Clifford multiplication and T the curvature of 
the horizontal distribution on M, we get an explicit description of the j-th Chern form str R ( A 2j ) . 
Indeed, as a consequence of the local index theorem for families [B] (see also [BGV]), the component 
of degree 2j of the form str R (A 2 - 7 ) can be expressed in terms of the A-gcnus A(M/A) on the 
vertical fibre of M — > X and the Chern character ch(E m/x) on the restriction of E to the vertical 
fibre. 

Theorem 9 [MP] Let A be a superconnection adapted to a family of Dirac operators on even 
dimensional spin manifolds parametrised by X, then 

str ^ ( A 2 - 7 ) = ( [ A( M/X) A ch(E m/B ) ] . (34) 

i ji {Zin) 2 yj m/x j 

Proof: Along the lines of the heat-kernel proof of the index theorem (see e.g. [BGV]) we introduce 
the kernel k e ( A 2 ) of e~ cR for some e > 0. Since D is a family of Dirac operators, we have (see 
e.g. chap. 10 in [BGV]) 

M A 2 )(x, x) jr-^r £ jht ( A 2 )(x, x). (35) 

We observe that the j-th Chern form associated with A is given by an integration along fiber of 
M : 



st^ 2 (^) = { -M f strfe +f (A 2 )) 
(4tt)2 J m/B 



(4tt) 2 J m/B 
and proceeed to compute str(kj+<± ( A 2 )). 

Let us introduce Getzler's rescaling which transforms a homogeneous form of degree i to the 
expression 

v* 

so that a superconnection A = A[ ] + A^j + Apj transforms to 

A t = «5 t - IVA _1 = A [°] + T7f + 
As in [BGV] par. 10.4, in view of the asymptotic expansion (35) we have: 
ch(A t ) = <5 t (str(e- tR2 )) 

~ t ^„ (4ri)- ? E fJ / (str(^( A 2 ))) 

Jm/B 



, (4^J2^ {n+P)/2 ( f ^(fc,(A 2 )) 
i, P \Jm/B 



so that 



f Pt=0 ch(A t ) [p] = (47r)-f ( f str(fc £±£ (A 2 )) ) . (36) 

The family index theorem [B] (see also Theorem 10.23 in [BGV]) yields the existence of the limit 
as t — > and 

limch(K t ) = (2mt)-5 / i( M/B) A ch(E M/B ). 
t_>0 Jm/B 
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Combining these two facts leads to: 

(/ strffc^A 2 )) ) =^k[! i(M/B)Ach(E w/B )l . 
It follows that 

□ 

As could be expected, K 2 -weighted Chern forms therefore relate to the Chern character (2i7r)^ j' m / B A{ M/_B)A 
ch(E M / B ) of a family of Dirac operators associated with the fibration M — > X [BGV]. 
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